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Problems of regularity of systems of di�erential equations

linearized in neighborhood of a torus

The works of A. M. Samoilenko from 1970 [5, 6] initiated new research on perturbation theory

and the stability of invariant manifolds of a linear extension of a dynamical system on a m−dimensional

torus. In these papers the Green-Samoilenko function was introduced for the �rst time. This contributed

to the introduction of concepts such as a regular systems, a weak-regular system or a sharp-weak regular

system. The linear extensions of dynamical systems on a torus are systems of the form:
dφ
dt = a(φ),

dx
dt = A(φ)x,

(1)

where x ∈ Rn, φ ∈ Tm
1, the vector function a(φ) is continuous and 2π-periodic with respect to each

variable and additionally it satis�es the Lipschitz condition, A(φ) is a n × n-dimensional matrix whose

elements are continuous, 2π-periodic with respect to each variable functions. Together with the above

system we often consider the conjugated system with respect to the normal variable:
dφ
dt = a(φ),

dy
dt = −AT (φ)y,

(2)

The system (1) is regular, which means that it has exactly one Green-Samoilenko function, if there exists

a function [1]:

V (φ, y) = ⟨S(φ)y, y⟩ , (3)

where S(φ) ∈ C1(Tm)2, whose derivative along the solutions of the system (2) is positive de�nite3. Since

the determinant of S(φ) is equal 0 for some φ0 ∈ Tm, then system (1) is sharp-weak regular, which means

that it has many di�erent Green-Samoilenko functions, while the conjugate system will have none such

function. The function (3) is often called the generalized Lyapunov function.

The goals of this work were to develop new methods for selecting the generalized Lyapunov function

for certain classes of linear extensions of dynamical systems on a torus, as well as to obtain methods for

1Tm is called the m-dimensional torus.
2S(φ) is a non-singular n×n-dimensional matrix, whose elements are continuously di�erentiable, 2π-periodic with respect

to each variable functions.
3The regularity of system (1) is equivalent to the regularity of system (2)
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complementation process of weakly regular linear systems to regular systems.

The �rst chapter is about the linear extensions of dynamical systems on a torus. It starts with

a theoretical introduction in which were presented the most important de�nitions and informations needed

to understand the obtained results. The second part of the chapter presents the results of works [2], [3],

during which it was possible to isolate certain classes of regular systems, for which were presented the

methods of selection of the generalized Lyapunov function. During the research we found the systems of

di�erential equations which maintain regularity under any phase perturbations. We also distinguished

classes of regular systems with singular coe�cient matrices.

The second chapter is devoted to the complementation process of weakly regular systems to regular

systems. It starts with a theoretical introduction that includes numerous examples showing di�erent

approaches to studying the regularity of linear systems. The second part of the chapter presents the

results [4] obtained in the research on complementation process of weakly regular linear systems to

regular systems.

The third chapter deals with the existence of solutions to certain classes of di�erential inequalities. It

was shown how the theory of regularity of linear extensions of dynamical systems on a torus can be used

for this purpose.
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